Results for time-dependent, viscous, incompressible flows were investigated using the lattice-Boltzmann (BGK) automata. The decay of a synthetic turbulent flow field and the time evolution of an initial vortex were simulated for validation purposes. The focal point was the investigation of the instationary flow around a square obstacle in a twodimensional channel for a range of Reynolds numbers between 80 and 300 and a blockage ratio of 0.125. The Strouhal number was measured for this case and found to be in the range of data given in the literature.
Introduction
Recently, lattice gas automata (LGA) and lattice-Boltzmann automata (LBA) approaches 1, 2 have been shown to be attractive alternatives to classical methods in CFD, e.g., finite volume methods for the solution of the Navier-Stokes equations.
3,4
Here we will present results for time-dependent flows in two dimensions using a lattice-Boltzmann (BGK) automata. 5 For validation of our implementation, we present two time-dependent flow cases: the decay of a synthetic turbulent flow field and the time evolution of an initial vortex. In the case of the turbulence field, the time evolution of the statistical turbulence data (dissipation and energy) can be described by semi-empirical equations, whereas the evolution of flow velocity and vorticity of the vortex used in our studies can be described analytically.
An interesting case in fluid mechanics is the flow around simple-shaped bodies inside a channel. Whereas many numerical and experimental data are available for cylinders for a wide range of Reynolds numbers, there is a significant lack of information for rectangular bodies, especially in the low Reynolds number domain. Previous investigations of the flow around cylinders performed with the latticeBoltzmann method clearly show that this method is an appropriate tool for such kinds of flows. 3, [6] [7] [8] As an application of the lattice-Boltzmann method in classical fluid mechanics, we investigate a two-dimensional flow around a square obstacle mounted in a channel for a range of Reynolds numbers between 80 and 300. The measured values are compared with other numerical data with respect to the Strouhal number.
Special attention will be paid to the analysis of the accuracy of the solution in terms of the grid independence.
Numerical Method
For the computations, a 2D nine-speed (D2Q9) lattice-Boltzmann automata with single time Bhatnager-Gross-Krook (BGK) relaxation collision operator
proposed by Qian 5 is used:
with a local equilibrium distribution function N eq i :
This local equilibrium distribution function N eq i
is chosen in such a way to recover the incompressible time-dependent Navier-Stokes equations 5 :
2.1. Boundary conditions
Wall boundary conditions
There is a long and still ongoing discussion on the proper use of boundary conditions within the framework of LBA. 3, [9] [10] [11] [12] Although it is known that simple bounce-back wall boundary conditions are of first-order accuracy, whereas the lattice-Boltzmann equation is of second order, these bounce-back conditions are the most efficient ones for arbitrary complex geometries. Furthermore, previous investigations showed that the error produced by the bounce-back boundary condition is sufficiently small if the relaxation parameter ω is close enough to 2.
12 Therefore, we believe that the bounce-back conditions can still be used even for computations in much simpler geometries, if they are applied with some care. 
Inlet and outlet boundary conditions
For the decaying turbulence and vortex, periodic boundary conditions were applied at the borders of the computational domain. In the case of the square obstacle, parabolic velocity inlet profile and fixed pressure outlet boundary conditions were chosen.
Initial boundary conditions
For the validation test cases, the equilibrium distribution function N eq i was computed from given velocity fields for uniform pressure distribution and taken as the initial solution for the density distribution function N i . The flow field for the square obstacle was initialized with the equilibrium distribution function N eq i for zero velocity and uniform pressure, and the inlet velocity had slowly been increased during the first few thousand iterations, to avoid the generation of pressure waves.
Test Cases
The decay of an initial turbulent shear layer has already been investigated by Martinez (1994) 8 and the decay of an isotropic turbulent flow field and a TaylorGreen vortex by Chen (1992) . 13 The present validation test cases were chosen in order to assess the influence of the numerical dissipation compared with the physical viscosity. This can be examined by comparing the time evolution of an initial flow field, where analytical or empirical data are available.
As a simple test case for the shear driven dissipation in a viscous flow, the temporal evolution of a vortex described by Eqs. (6) and (7) was simulated and compared with analytical solutions.
The decay of a synthetic turbulent velocity field was chosen in order to demonstrate the capability of the method for more realistic viscous fluid flow phenomena, such as turbulence. In fact, it is considered as a test case for direct numerical simulation (DNS).
Time evolution of a vortex
The time evolution for the velocity x and y component u, v of the flow velocity of a vortex (see Fig. 1 ) is described by the potential ψ (Eq. 6):
For this velocity field, an analytical solution can be found 14 in terms of acoustic Reynolds number Re acc , defined in Eq. (8) with speed of sound c s , characteristic length l and kinematic viscosity ν: The computations were done on a 100 × 100 lattice with periodic boundaries which was initialized with equilibrium density distribution N eq i computed for equilibrium pressure and velocities given by Eqs. (6) and (7) for an acoustic Reynolds number Re acc = 1000. The square velocity and vorticity of the computed flow field were measured along the horizontal centerline of the flow field at (x = 1, . . . , 100, y = 50) at t = 0, 5000, 10 000 and 20 000 iterations and compared with the analytical solutions.
As can be seen from Fig. 2 , the computed values fit the theoretical values perfectly for the measured times. Only for the first few 100 iterations there was a slight deviation from theory observed, which is obviously due to the initialization of the densities with equilibrium distribution N eq i . This initial disturbance completely disappears after a short time and appears to have no influence on the results obtained at higher iteration numbers.
Decaying turbulence field
As a further test case, results for a temporal decaying turbulent velocity field will be presented. For this simple case, the analysis of the properties of homogeneous and isotropic turbulence provides an analytical reference solution.
In order to provide initial conditions for the computations suitable to initiate a direct numerical simulation of a turbulent flow, an approach outlined in Poinsot (1994) 14 and Brenner (1996) 15 is used, prescribing a random velocity field with the following properties. For a scalar energy spectrum according to von Karman and Pao, 16 the velocity components are obtained in Fourier space assuming a homogeneous, isotropic and divergence-free vector field and a random phase angle. A fast Fourier transform is used to pass to the physical space. The parameters entering into the procedure are the Reynolds number, the initial turbulent kinetic energy k 0 and the dissipation rate 0 .
The computations were done on a lattice with 513 × 513 lattice nodes and an acoustic Reynolds number of the initial flow field of Re acc = 2000.
The vorticity of the initial flow field and after 0, 0.5, 2 and 4 eddy turn-over times can be seen in Fig. 3 . One can observe the fast decay of all small scales and the evolution of large clustered structures filling the computational domain.
It is known from the theory of turbulent flow that the dissipation and the turbulent kinetic energy k suffer an exponential decay which can be described by
with a semi-empirical constant C = 2.5 for two-dimensional flows.
14 These averaged quantities were measured during computation and compared with the theoretical values. As can be seen from Fig. 4 , the values obtained from the LBA simulation fit the theoretical curves very well. 
Conclusion
The good results for the above test cases clearly show the possibility of performing accurate numerical simulations for viscous incompressible in-stationary flow problems with the present implementation of the lattice-Boltzmann method. Especially, as is already known from lattice-Boltzmann theory, where this quantity could be taken into account for a proper definition of viscosity, no problems with numerical dissipation have been observed.
Flow Around a Square Obstacle
The flow around a square obstacle positioned inside a channel was simulated for a range of Reynolds numbers Re between 80 and 300, defined by the length of the obstacle d, the maximum flow velocity u max of the parabolic inflow profile and the dynamic viscosity ν as
In this region, it is known from experiments and other numerical studies that vortex shedding is observed and a two-dimensional time dependent flow evolves. At a Reynolds number Re above approximately 300, the flow might become threedimensional, and two-dimensional computations will therefore produce unphysical results.
The very few numerical data to be found in the literature differ within a wide range. [17] [18] [19] Hence it can be stated that there is a significant lack of quantitatively reliable information for flows around square obstacles at low Reynolds numbers.
Problem definition
Obstacles of sizes ranging from d × d = 10 × 10 up to d × d = 40 × 40 lattice units were positioned vertically centered in the first third section of the computational domain with sizes between l × h = 500 × 80 and l × h = 2000 × 320 lattice units (see Fig. 5 ).
For the walls, a no-slip boundary condition was realized by particle density bounce-back. A parabolic velocity inflow profile was applied, and the outlet pressure was fixed. 
Results

Convergence
The only quantity taken into account in the present analysis is the Strouhal number St, computed from the obstacle diameter d, the measured frequency of the wakes f and the maximum velocity u max , as defined in Eq. (12):
All computations were done on one processor of the VPP 700 of the Leibniz Rechenzentrum Munich (LRZ). Starting with zero flow velocity and uniform pressure, after a sufficient number of iterations, time-dependent flow evolves with a fixed frequency f . This frequency f was determined by spectral analysis of the temporal evolution of the v-component of the flow velocity at several points in the wake behind the obstacle.
For this quantity, the numerical convergence of the scheme with respect to grid resolution was investigated first. What is known from fluid mechanics, and can be reproduced very well by our simulations (see Fig. 6 ), is the fact that the topology of the vortex shedding behind a square obstacle changes significantly with the Reynolds number. Whereas for a Reynolds number of 80 the separation point of the vortices was observed to be the rear edge of the obstacle, it moves from the rear to the front edge of the obstacle for higher Reynolds numbers. At Re = 133, small secondary vortices can be found at the top and bottom of the obstacle. A sufficient resolution of this secondary vortex appears to be crucial for the development of a correct shedding frequency f , which results in the necessity for finer grids for higher Reynolds numbers.
The dependence of the Strouhal number St on grid resolution can be seen for Reynolds numbers between 80 and 266 in Fig. 7 . The values indicate second-order convergence of the scheme, and lattice sizes of l × h = 2000 × 320 for obstacles of dimension d = 40 produce results with good accuracy for Reynolds numbers up to 300. For Reynolds numbers <100, nearly no dependence of Strouhal number on grid resolution can be observed, which is in accordance with our observations concerning secondary vortices.
Vortex shedding
For one full period, the streamlines of a shedding vortex are shown in Fig. 8 at Re = 80. One can see a small vortex developing at the rear top edge of the square obstacle, which is moving downwards while growing, and then leaving the lower edge. The next vortex starts at this lower position, and moves upwards while growing, to separate finally from the top rear edge of the obstacle.
Strouhal number measurements
The blockage ratio b, defined as b = h/d, was fixed at b = 0.125 in our example. For this blockage ratio, no reliable experimental or numerical results were known to the authors. The simulations of Mukhopadhyay (1992) 17 for the same blockage ratio were performed with an obstacle resolved by 4 × 4 and 8×8 lattice nodes. The plots (see Fig. 9 ) indicate, in accordance with our previous investigations concerning lattice resolution, that the purely resolved obstacles did not allow for suitable results in Mukhopadhyays simulations.
Comparison of our results with other literature data for other blockage ratios 18, 19 indicate that our data fit quite well, as can be seen in Fig. 9 , where the Strouhal number St is plotted as a function of the Reynolds number Re. 
Conclusion
With two classical flow studies, we were able to show that our implementation of the lattice BGK automata yields reliable results for time-dependent flows. Strouhal numbers St for two-dimensional channel flows around a square obstacle with a blockage ratio of b = 0.125 and Reynolds numbers between 80 and 300 were measured numerically. It could be shown that for a correct evaluation of the Strouhal number higher grid resolutions are necessary for higher Reynolds numbers owing to the generation of small secondary vortices below and above the obstacle, which have to be resolved numerically.
